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ABSTRACT
We discuss wave propagation in rotating superfluid neutron star cores, taking into
account the vortex mediated mutual friction force. For models where the two fluids
co-rotate in the unperturbed state, our analysis clarifies the role of chemical coupling
and entrainment for sound and inertial waves. We also investigate the mutual friction
damping, providing results that demonstrate the well-known fact that sound waves
propagating along a vortex array are undamped. We show that the same is not true for
inertial waves, which are damped by the mutual friction regardless of the propagation
direction. We then include the vortex tension, which arises due to local vortex cur-
vature. Focussing on purely transverse inertial waves, we derive the small correction
that the tension induces in the wave frequency. Finally, we allow for a relative linear
flow in the background (along the rotation axis). In this case we show how the mutual
friction coupling may induce a dynamical instability in the inertial waves. We discuss
the critical flow required for the instability to be present, its physical interpretation
and the possible relevance it may have for neutron star physics.
1 INTRODUCTION
Our understanding of neutron star interiors currently relies almost entirely on observations of the “surface”. In some cases we
have upper limits on the temperature, which can be combined with an estimated age to yield information about neutron star
cooling. This in turn depends on the interior physics, e.g. whether the core contains superfluid components or not (Page et al
2004). Other evidence comes from the way that the neutron star interacts with its environment, e.g. how the magnetosphere
affects the spin-down of an isolated radio pulsar. It is, however, much harder to link this information to the properties of the
interior. It is also difficult to draw definite conclusions about the nature of the core fluid from bulk quantities such as mass
and radius.
The currently most potent tests of our theoretical ideas are provided by observed crust oscillations in the tails of magnetar
giant flares (Strohmayer & Watts 2006), and glitches in the spin-down of radio pulsars (Lyne, Shemar & Smith 2000). It seems
plausible that the crust motion in the magnetar events will to some extent depend on the core physics, e.g. whether the magnetic
field penetrates the core or not (Glampedakis, Samuelsson & Andersson 2006; Levin 2007). Meanwhile, the glitches remain
the strongest indication that the core contains partially decoupled superfluid components that may (probably following the
onset of some instability) transfer angular momentum to the crust. In order to improve our models of these events we need to
understand the dynamics of large-scale superfluid systems. One key question that must be addressed if we want to be able to
compare our models to real data concerns how energy is dissipated in the system. Consider the (relatively simple!) case when
the internal fluid is a mixture of superconducting protons, electrons, and superfluid neutrons. The equations of motion for
such multi-constituent fluids have been formulated (Prix 2004) and constrained to a three fluid model (Andersson & Comer
2006). The three fluids are neutrons, entropy and charged particles. It has recently been argued that for this system there are
19, more or less unknown, dissipation coefficients (Andersson & Comer 2006). This problem is clearly much more intricate
than the standard single fluid case, where one need only worry about shear- and bulk viscosity.
A natural way to gain insight into the nature of a fluid system is to carry out a local analysis of wave propagation.
Such a plane-wave study should provide a better understanding of energy dissipation in the system, and could perhaps also
help constrain the different parameters. Given our current understanding it is natural to divide this effort into a number of
steps. This first study is focussed on the two-constituent model which applies in the low-temperature limit. In this limit, we
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know from results for superfluid Helium that the main dissipation mechanism is due to the presence of rotational vortices.
The vortices induce a mutual friction between the two constituents. We have recently discussed the associated force for
neutron stars (Andersson, Sidery & Comer 2006), including the important effect of entrainment. The entrainment is due to
the multi-fluid aspects of the problem. When the energy of the system is allowed to depend upon the relative velocities of
the constituents, each constituent momentum is modified in such a way that it is no longer parallel with the corresponding
transport velocity. The model has since been extended to include curved vortices and a suggested form for the average force
in a polarized state of turbulence (Andersson, Sidery & Comer 2007).
Since we now understand some of the effects that should be present in a dissipative superfluid neutron star, it is interesting
to ask how they affect motions in the fluid. Hence, we will study local oscillations in the fluid in various situations. As the
problem soon becomes intractable unless one introduces a number of simplifying assumptions, we aim to simplify the problem
to the point where we can carry out the analysis analytically. Nevertheless, we believe that our results shed new light on
the dynamics of these systems. Through various dispersion relations and the properties of the associated waves, we get a
better understanding of the role of entrainment and the nature of two-fluid inertial waves. We also learn how mutual friction
damps both acoustic and inertial waves. Finally, we account for the vortex tension and demonstrate how the mutual friction
may induce an instability in the inertial waves. This is the first demonstration of the so-called Donnelly-Glaberson instability
(Glaberson, Johnson & Ostermeier 1974) in a neutron star. We show that the instability belongs to the general class of
two-stream instabilities (Andersson, Comer & Prix 2004), and discuss how it may trigger turbulence in the neutron star core.
2 THE SINGLE FLUID PROBLEM
Before considering the superfluid problem we will discuss the simpler case of a one fluid system. This is a fairly standard
analysis, but it provides a number of results that will be of use later. Most importantly, it allows us to discuss the nature of
inertial waves. We also have an opportunity to establish the notation and the approach to the plane-wave problem that will
be used throughout the paper.
2.1 The plane-wave approach
The equations of motion for a single fluid in a rotating frame are, in a coordinate basis,„
∂
∂t
+ vj∇j
«
vi + 2ǫijkΩ
jvk +∇i(µ˜+ Φ) = 0 . (1)
The velocity is given by vi, Ωi is the angular velocity of the frame and µ˜ is the chemical potential of the fluid per unit mass.
The gravitational potential is represented by Φ. Throughout our analysis we will assume that the effects of gravity can be
neglected. In effect, we make the Cowling approximation by ignoring variations in Φ. The continuity equation is
∂ρ
∂t
+∇j(ρvj) = 0 , (2)
where ρ is the mass density. Assuming that the background motion is represented by solid bulk rotation, the corresponding
velocity field vanishes in the rotating frame. Perturbing the system we then have
δvi = v¯ie
i(ωt+kjx
j) , (3)
i.e. the perturbation is written in the form of a plane wave, with frequency ω and wave vector ki. Similarly we have for the
perturbed density
δρ = ρ¯ei(ωt+kjx
j) , (4)
The amplitudes v¯i and ρ¯ will be taken to be constant throughout the analysis. With these assumptions, the continuity equation
becomes
ωρ¯+ ρkj v¯
j = 0 , (5)
where ρ now represents the background density.
To perturb the equations of motion we assume a one-parameter equation of state. Representing the equation of state by
an energy functional E = E(ρ) we then have
µ˜ =
∂E
∂ρ
−→ δµ˜ = ∂µ˜
∂ρ
δρ = c2s
1
ρ
δρ , (6)
where the sound speed is defined as
c2s = ρ
∂µ˜
∂ρ
. (7)
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It now follows that
iωv¯i + 2ǫijkΩ
j v¯k + ikic
2
s
1
ρ
ρ¯ = 0 . (8)
Substituting the continuity equation (5) into (8) we finally find that
iωv¯i + 2ǫijkΩ
j v¯k − ic2ski kj v¯
j
ω
= 0 . (9)
2.2 Finding the dispersion relation
The derivation of the required dispersion relation is straightforward. It is preferable to work with scalar equations. Hence we
first contract (9) with ki. Rearranging the result we have
i(kiv¯i)
„
ω − c
2
sk
2
ω
«
− 2Ωiǫijkkj v¯k = 0 . (10)
Contracting (9) with Ωiǫ
ijkkj then leads to
iω(Ωiǫijkk
j v¯k) + 2Ω2(kj v¯
j)− 2(kjΩj)(Ωiv¯i) = 0 . (11)
Finally, contracting (9) with Ωj gives
v¯jΩ
j =
c2s
ω2
(kjΩ
j)(v¯lk
l) . (12)
Defining the angle θ such that kjΩ
j = kΩcos θ we can now use (11) and (12) to substitute for ǫijkΩ
ikj v¯k and Ωj v¯
j in (10).
Thus we get
(v¯jk
j)
»„
ω − c
2
sk
2
ω
«
+ 4
Ω2
ω
„
1− cos2 θ k
2c2s
ω2
«–
= 0 . (13)
Provided that the wave is not purely transverse, in which case we would have v¯jk
j = 0, we arrive at the dispersion relation
ω4 − ω2 ˆc2sk2 + 4Ω2˜+ 4Ω2 cos2 θk2c2s = 0 . (14)
In the limit of slow rotation, this quartic in ω has approximate solutions,
ω ≈ ±csk
„
1 +
2Ω2
c2sk2
sin2 θ
«
≈ ±csk , (15)
ω ≈ ±2Ω cos θ . (16)
These are the well known results for sound waves and inertial waves, respectively.
Before we proceed, we need to consider whether the system may admit purely transverse waves. This is important since
(14) does not apply when v¯jk
j = 0. In this case, we first of all see from (12) that we must also have Ωi parallel with the wave
vector ki. The corresponding dispersion relation follows easily by taking the cross product of the Euler equation (9) with Ωi.
This leads to„
ω − 4Ω
2
ω
«
v¯i = 0 . (17)
Hence we have ω = ±2Ω. In other words, we obtain the θ → 0 limit for the inertial waves. Thus we learn that, in this limit
the inertial waves are purely transverse. By returning to the perturbed Euler equations, and representing the solution in a
Cartesian coordinate system where the z-axis is aligned with the wave vector, we see that we must have v¯x = ±iv¯y . This
solution obviously satisfies v¯j v¯
j = 0.
3 THE TWO-FLUID PROBLEM
Let us now extend the plane-wave analysis to the two fluid problem. In principle, we expect a doubling of the number of
solutions. In addition, we are interested in the new features that become relevant when we are dealing with a multi-fluid
situation. Our focus will be on the entrainment, which represents a non-dissipative coupling between the fluids and the
mutual friction, which represents dissipation due to electrons scattering off of the neutron vortices.
As we want to account for vortex effects it is natural to consider the equations of motion in a rotating frame. We will
assume that the background equilibrium is such that the two fluids rotate together. This situation, which would correspond to
the two fluids being in chemical equilibrium, is slightly simplified which keeps the analysis manageable. Having said that, it is
worth emphasising that we also need to understand what happens when there is a velocity difference in the background. Since
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relative rotation is required for the standard explanation of the pulsar glitches, one would in principle expect the two fluids in
a neutron star core to rotate at different rates. If we are primarily interested in dynamics on a short timescale compared to the
time it takes to re-establish chemical equilibrium we have the freedom to consider different background velocities. This general
problem is, however, quite complicated and it makes sense to first consider the case where the two fluids rotate together.
As discussed by, for example Prix (2004); Andersson & Comer (2006), the required equations of motion can be written
(in a frame rotating uniformly with angular velocity Ωi)„
∂
∂t
+ vjx∇j
«
(vxi + εxw
yx
i ) + εxw
yx
j ∇ivjx +∇i(Φ + µ˜x) + 2ǫijkΩjvkx = fxi . (18)
The constituent indices x and y (x 6= y) label the fluids, and will later take the values n and p. The former represents the
superfluid neutrons and the latter a charge neutral conglomerate of protons and electrons. The relative velocity is denoted
by wxyi = v
x
i − vyi . The force fxi on the right-hand side represents a dynamical coupling between the two fluids. We will focus
on the case when it arises due to electron scattering off of the magnetic fields associated with the rotational vortices in the
neutron superfluid. Then we have, assuming that the vortex array is straight (Andersson, Sidery & Comer 2006),
fxi =
ρn
ρx
nvB′ǫijkκjwkxy + ρnρx nvBǫijkκˆ
jǫklmκlw
xy
m . (19)
In this expression nv is the vortex number density per unit area, and at the macroscopic level we have (Andersson, Sidery &
Comer 2007)
nvκi = ǫijk∇j(vkn + εnwkpn) . (20)
This means that for a straight vortex array, representing bulk rotation, we would have
nvκi = 2Ω
n
i + 2εn(Ω
p
i − Ωni ) . (21)
In our chosen background configuration the two fluids rotate together, so the second term in the above expression vanishes.
As usual, mass conservation requires that
∂ρx
∂t
+∇j(ρxvjx) = 0 . (22)
We consider small perturbations away from a background where the two fluids are at rest in the rotating frame. That is,
we use
∂δρx
∂t
+∇j(ρxδvxj ) = 0 . (23)
Making also the Cowling approximation (δΦ = 0), the perturbed equations of motion become
∂
∂t
(δvxi + εxδw
yx
i ) +∇iδµ˜x + 2ǫijkΩjδvkx = δfxi , (24)
where
δfxi =
ρn
ρx
nvB′ǫijkκjδwkxy + ρn
ρx
nvBǫijk κˆjǫklmκlδwxym . (25)
It should be noted that setting the background rotation rates equal greatly reduces the complexity of the perturbed mutual
friction force.
We next assume that the perturbations can be represented by plane waves. Then we have
δvxi = v¯
x
i e
i(ωt+kjx
j) ,
δρx = ρ¯xe
i(ωt+kjx
j) , (26)
where v¯xi and ρ¯x are assumed to be constant (that is, they vary on lengthscales much longer than the wavelength). The
continuity equations then become
kj v¯
j
x = − ρ¯xρxω . (27)
To make progress we need a representation of the equation of state. In our formalism (Prix 2004; Andersson & Comer
2006), we need to provide an energy functional E from which the chemical potentials follow according to
µ˜x =
∂E
∂ρx
˛˛˛
˛
ρy,w2yx
. (28)
The entrainment εx is similarly determined as
εx =
2α
ρx
, where α =
∂E
∂w2yx
˛˛˛
˛
ρx,ρy
. (29)
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The basic idea is that if the system is isotropic, then the energy function can be constructed from the various scalars that can
be formed from the dynamical variables ρx and v
i
x. This means that one would generally expect to have
δµ˜x =
∂µ˜x
∂ρx
δρx +
∂µ˜x
∂ρy
δρy +
∂µ˜x
∂w2yx
δw2yx . (30)
In the present case, where the two fluids move together in the background, the last term will vanish since δw2yx = 2w
j
yxδw
yx
j = 0.
Hence, we can use
δµ˜x =
∂µ˜x
∂ρx
δρx +
∂µ˜x
∂ρy
δρy = µ˜xxδρx + µ˜xyδρy . (31)
Later, when we allow for relative flow in the background, this form for the perturbed chemical potentials will no longer be
generally valid. We will nevertheless use it in order to simplify the analysis. In practice, this amounts to assuming that the
equation of state is “separable” in the sense that it can be written1
E = f(ρn, ρp) + g(w
2
yx) . (32)
Under the above assumptions, the momentum equations become
iω(v¯xi + εxw¯
yx
i )− iki(µ˜xxρ¯x + µ˜xyρ¯y) + 2ǫijkΩj v¯kx = 2
ρn
ρx
B′ǫijkΩjw¯kxy + 2ρnρxBǫijk κˆ
jǫklmΩlw¯
xy
m . (33)
After using the perturbed continuity equation (27) and rearranging we arrive at
v¯xm
»
iω(1− εx)δmi + 2ǫijmΩj − 2ρnρxB
′ǫij
mΩj − 2ρn
ρx
Bǫijk κˆjǫklmΩl − ikiµ˜xx ρx
ω
km
–
+v¯ym
»
iωεxδ
m
i + 2
ρn
ρx
B′ǫijmΩj + 2ρn
ρx
BǫijkκˆjǫklmΩl − ikiµ˜xy ρy
ω
km
–
= 0 . (34)
Let us now introduce the speeds of sound as (Andersson & Comer 2001)
c2x = ρxµ˜xx , (35)
and represent the “chemical coupling” by
Cx = ρxµ˜xy = ρxµ˜yx . (36)
Since the partial derivatives commute we have
Cp = ρp
ρn
Cn . (37)
Then we have
v¯xm
»
iω(1− εx)δmi + 2ǫijmΩj − 2ρnρxB
′ǫij
mΩj − 2ρn
ρx
Bǫijk κˆjǫklmΩl − iki c
2
x
ω
km
–
+v¯ym
»
iωεxδ
m
i + 2
ρn
ρx
B′ǫijmΩj + 2ρn
ρx
Bǫijk κˆjǫklmΩl − iki Cy
ω
km
–
= 0 . (38)
The dispersion relation for wave propagation is encoded in this equation. As in the single fluid case, it is preferable to work
with scalar equations. Hence, we contract (38) with ki. This gives
v¯xm
»
iω(1− εx)km +
„
2− 2ρn
ρx
B′
«
kiǫij
mΩj − 2ki ρn
ρx
BǫijkκˆjǫklmΩl − ik2 c
2
x
ω
km
–
+v¯ym
»
iωεxk
m + 2
ρn
ρx
B′kiǫijmΩj + 2ρn
ρx
BkiǫijkκˆjǫklmΩl − ik2 Cy
ω
km
–
= 0 . (39)
We obtain a second scalar equation by contracting (38) with Ωiǫ
ijkkj ;
v¯xm
»
iω(1− εx)Ωiǫikmkk +
„
2− 2ρn
ρx
B′
«
Ωiǫ
iklkkǫlj
mΩj − 2ρn
ρx
BΩiǫiqrkqǫrjkκˆjǫklmΩl
–
+v¯ym
»
iωεxΩiǫ
ijmkj + 2
ρn
ρx
B′ΩiǫiklkkǫljmΩj + 2ρn
ρx
BΩiǫiqrkqǫrjkκˆjǫklmΩl
–
= 0 . (40)
A third equation follows from the contraction of (38) with Ωi;
v¯xm
»
iω(1− εx)Ωm − ikiΩi c
2
x
ω
km
–
+ v¯ym
»
iωεxΩ
m − ikiΩi Cy
ω
km
–
= 0 . (41)
1 It is worth noting that if one wanted to propose a “realistic” separable equation of state, then one would have to think more carefully
about the units of the two terms. In other words, our proposed form for E should be seen as a mathematical construction motivated by
the fact that it simplifies the analysis.
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Although in principle straightforward, the formulation of the dispersion relation is still rather messy. To facilitate its
construction it is useful to introduce some further notation. To motivate this, let us write out the two equations (41) explicitly.
We have
v¯nm
»
iω(1− εn)Ωm − ikiΩi c
2
n
ω
km
–
+ v¯pm
»
iωεnΩ
m − ikiΩi Cp
ω
km
–
= 0 , (42)
v¯pm
»
iω(1− εp)Ωm − ikiΩi c
2
p
ω
km
–
+ v¯nm
»
iωεpΩ
m − ikiΩi Cn
ω
km
–
= 0 , (43)
If we define
ξ =
 
1− εn εn
εp 1− εp
!
, µ˜ =
 
c2n Cp
Cn c2p
!
, vΩ =
 
Ωj v¯nj
Ωj v¯pj
!
, vk =
 
kj v¯nj
kj v¯pj
!
, (44)
then (41) can be rewritten as
ω2
kiΩi
ξvΩ = µ˜vk . (45)
As a note for future reference, we will also use
ξ
−1 =
1
ξ
 
1− εp −εn
−εp 1− εn
!
, ξ = det ξ = 1− εn − εp , vǫ =
 
Ωiǫijkk
j v¯kn
Ωiǫijkk
j v¯kp
!
, ρ =
 
ρp −ρp
−ρn ρn
!
. (46)
We can now rewrite (39) and (40) as„
iωξ − ik
2
ω
µ˜ + 2
B
ρp
Ωρ0
«
vk −
„
2I − 2B
′
ρp
ρ0
«
vǫ − 2 B
ρpΩ
(kjΩ
j)ρ0vΩ = 0 , (47)
and„
iωξ + 2
BΩ
ρp
ρ0
«
vǫ +
„
2I − 2B
′
ρp
ρ0
«
Ω2vk −
„
2I − 2B
′
ρp
ρ0
«
(kjΩ
j)vΩ = 0 . (48)
Assuming that 1− εn − εp 6= 0, and substituting (45) into (47) and (48) we get»
iωξ − ik
2
ω
µ˜ + 2
B
ρpΩ
ρ0
„
Ω2 − (kjΩ
j)2
ω2
ξ
−1
µ˜
«–
vk −
„
2I − 2B
′
ρp
ρ0
«
vǫ = 0 , (49)
and„
iωξ + 2
BΩ
ρp
ρ0
«
vǫ = −
»„
2I − 2B
′
ρp
ρ0
«„
Ω2 − (kjΩ
j)2
ω2
ξ
−1
µ˜
«–
vk . (50)
We now define
ρ
zero
0 =
 
ρn ρp
ρn ρp
!
, (51)
such that ρzero0 ρ0 = 0. The matrix on the left hand side of equation (50) then has the inverse,»
−ω2ξ + 2iωΩB
„
1 +
ρn
ρp
«–−1„
iωξξ−1 + 2
BΩ
ρp
ρ
zero
0
«
. (52)
Using this in (49) we obtain»
iωξ − ik
2
ω
µ˜ + 2
B
ρpΩ
ρ0
„
Ω2 − (kjΩ
j)2
ω2
ξ
−1
µ˜
«–
vk
−
„
2I − 2B
′
ρp
ρ0
« iωξξ−1 + 2BΩ
ρp
ρzero0
ω2ξ − 2iωΩB
“
1 + ρn
ρp
” »„2I − 2B′
ρp
ρ0
«„
Ω2 − (kjΩ
j)2
ω2
ξ
−1
µ˜
«–
vk = 0 . (53)
By using ρ0ρ
zero
0 = 0 this expands to give
vk
8<
:iωξ − ik
2
ω
µ˜ + 2
B
ρpΩ
ρ0
„
Ω2 − (kjΩ
j)2
ω2
ξ
−1
µ˜
«
− Ω
2
ω2ξ − 2iωΩB
“
1 + ρn
ρp
”
*
4iωξξ−1 − 4iωξB
′
ρp
[ρ0ξ
−1 + ξ−1ρ0] + iωξ
„
2B′
ρp
«2
ρ0ξ
−1
ρ0 + 8
BΩ
ρp
ρ
zero
0 −
(kjΩ
j)2
ω2Ω2"
4iωξ−1ξ−1µ˜ − 4iω B
′
ρp
(ρ0ξ
−1 + ξ−1ρ0)ξ
−1
µ˜ + iω
„
2B′
ρp
«2
ρ0ξ
−1
ρ0ξ
−1
µ˜ + 8
BΩ
ρpζ
ρ
zero
0 ξ
−1
µ˜
#+)
= 0 . (54)
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In order for us to have vk 6= 0 the determinant of the matrix in the curly brackets must vanish. This condition provides the
dispersion relation for waves in the two-fluid system.
As in the single-fluid problem, our analysis does not apply to waves that are purely transverse. Such waves are, however,
not very likely unless we align the wave vector with the rotation axis. In the general case, we see from (49) and (50) that we
can have purely transverse waves (for which vk = 0) only if also vǫ = 0 or if
det
„
iωξ +
BΩ
ρp
ρ0
«
= 0 ,
det
„
2I − B
′
ρp
ρ0
«
= 0 . (55)
These conditions lead to
0 = ω2(1− εn − εp)− iωΩB
„
1 +
ρn
ρp
«
,
0 = 4− 2B′
„
1 +
ρn
ρp
«
. (56)
The second condition is extremely restrictive and so a purely transverse wave is unlikely. In fact, for typical neutron star
conditions we expect B′ ≪ 1 (Andersson, Sidery & Comer 2006) which suggests that purely transverse waves are not possible
unless the wave is aligned with the rotation in such a way that vǫ = 0. Although somewhat contrived, this particular case is
interesting and we will discuss it in more detail in Sections 5 and 6.
4 ILLUSTRATIVE EXAMPLES
In the previous section we wrote down all the relations we need to derive the general dispersion relation for the two-fluid
problem. It should be clear that, since the generic dispersion relation is a high order polynomial in ω, this problem is quite
rich. In order to understand the solutions it is useful to consider a sequence of increasingly complex model situations. This
will give us a feeling for how the various parameters in the model affect the wave propagation.
4.1 No rotation, coupling, or friction
It is natural to start with the very simplest case, with the two fluids completely decoupled. This model corresponds to an
equation of state of form
E = f(nn) + g(np) . (57)
This leads to µ˜xy = 0 and εx = 0. In essence, the two fluids are not coupled either chemically or by entrainment. If we also
assume that there is no background rotation or friction in the system, i.e. let Ω = B = B′ = 0, then the dispersion relation
follows from the determinant˛˛˛
˛iωI − ik2ω µ˜
˛˛˛
˛ = 0 . (58)
This expands to
ω2

1− k
2
ω2
c2n
ff
1− k
2
ω2
c2p
ff
= 0 . (59)
which has the non-trivial solutions
ω2 = k2c2n and ω
2 = k2c2p . (60)
Hence, we have the anticipated result that the system only supports sound waves,
ω = ±kcn ,
ω = ±kcp . (61)
It is also easy to show that these waves are longitudinal, as one would expect.
4.2 Including entrainment
We can now begin to investigate how various coupling mechanisms modify these waves. Let us first consider the entrainment.
Then we need an equation of state that depends on the relative velocity. Thus, we assume that
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E = f(nn) + g(np) + h(w
2
np) . (62)
This is obviously not the general case, but since we want to be able to analyze the problem analytically it is natural to restrict
ourselves to this class of separable models. It is straightforward to study more generic situations numerically, but the results
should not differ qualitatively from the ones we discuss here.
Still assuming that Ω = B = B′ = µ˜xy = 0 we obtain the dispersion relation from˛˛˛
˛iωξ − ik2ω µ˜
˛˛˛
˛ = 0 . (63)
We expand this to get
ω2
„
1− εn − k
2
ω2
c2n
«„
1− εp − k
2
ω2
c2p
«
− εnεp
ff
= 0 . (64)
The solutions are found from
ω4ξ − ω2 ˆ(1− εn)k2c2p + (1− εp)k2c2n˜+ k4c2nc2p = 0 . (65)
Solving for ω2 we have
ω2 =
1
2ξ
ˆ
(1− εn)k2c2p + (1− εp)k2c2n
˜± k2
2ξ
nˆ
(1− εn)c2p + (1− εp)c2n
˜2 − 4ξc2nc2po1/2 . (66)
To make further progress it is useful to assume that the entrainment is a small effect and use Taylor expansion in εx. We see
immediately from (64) that to linear order in entrainment the frequencies are given by
ω ≈ ±(1 + 1
2
εn)kcn ,
ω ≈ ±(1 + 1
2
εp)kcp . (67)
This illustrates how the sound waves are affected by a weak entrainment coupling. At this level there appears to be no
interaction between the two wave speeds. This would be a higher order effect for this equation of state.
4.3 Chemical coupling
Let us consider the other way that the two fluids in a non-rotating system may be coupled. In order to see what effect chemical
coupling has on the waves, we consider an equation of state of form
E = f(nn, np) . (68)
The key difference is that the chemical potential of one fluid can now be affected by the population density of the other
constituent. This requires us to work out˛˛˛
˛ωξ − k2ω µ˜
˛˛˛
˛ = 0 , (69)
which expands to give
ω4 − ω2k2(c2n + c2p) + k4
„
c2nc
2
p − ρp
ρn
C2n
«
. (70)
Taking C2n as small and solving for ω, we get either
ω = ±kcn
»
1 +
ρp
2ρn
C2n
k2c2n(c2n − c2p)
–
, (71)
or
ω = ±kcp
»
1 +
ρp
2ρn
C2n
k2c2p(c2p − c2n)
–
. (72)
These are still modified sound waves associated with each constituent.
4.4 Slow rotation
We now move on to the case of slow rotation. In addition to the sound waves, we expect to find inertial modes. Since we are
assuming that the two fluids co-rotate in the background the inertial modes are likely to be degenerate. To keep the problem
simple, we assume that there is no chemical coupling. In practice, we again let the equation of state be of the form (57). Then
taking B = B′ = εx = µ˜xy = 0 the dispersion relation follows from
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˛˛˛
˛iωI − ik2ω µ˜ − Ω
2
ω2
„
4iωI − 4ik
2
ω
cos2 θµ˜
«˛˛˛
˛ = 0 . (73)
As before, θ is the angle between ki and Ωi such that k
jΩj = kΩcos θ. The determinant expands to give
ω2

1− k
2
ω2
c2n − 4Ω
2
ω2
+ 4
Ω2k2
ω4
cos2 θc2n
ff
1− k
2
ω2
c2p − 4Ω
2
ω2
+ 4
Ω2k2
ω4
cos2 θc2p
ff
= 0 . (74)
There are clearly two decoupled cases. The two sets of solutions are found from
0 = ω4 − ω2 ˆk2c2n + 4Ω2˜+ 4Ω2k2 cos2 θc2n , (75)
0 = ω4 − ω2 ˆk2c2p + 4Ω2˜+ 4Ω2k2 cos2 θc2p , (76)
If we for simplicity assume slow rotation, the solutions to (75) are
ω ≈ ±kcn
„
1 +
2Ω2
k2c2n
sin2 θ
«
, (77)
ω ≈ ±2Ω cos θ , (78)
while the solutions to (76) are,
ω ≈ ±kcp
„
1 +
2Ω2
k2c2p
sin2 θ
«
, (79)
ω ≈ ±2Ω cos θ . (80)
The solutions (77) and (79) represent sound waves with a correction due to the slow rotation. Solutions (78) and (80) are
the (in this case degenerate) inertial modes. The form of the solutions is exactly as one would expect from the single fluid
problem.
4.5 Mutual friction
The simple cases we have considered so far provide an insight into the different classes of waves that will be present in the
rotating two-fluid problem. We now want to develop an understanding of how these waves are affected by the mutual friction.
To do this, it is natural to assume that the induced damping is weak. In the neutron star case, we also expect to have B′ ≪ B
which allows us to simplify the problem. Andersson, Sidery & Comer (2006) showed that B′ = B2, and the “canonical” value
for B is ∼ 4 × 10−4. Since we are assuming that the mutual friction is weak, it is natural to include it as a perturbation of
the solutions we found previously.
In order to be consistent we cannot consider the effect of mutual friction without at the same time accounting for rotation.
Without rotation there would be no neutron vortices in the background and hence no mutual friction. We therefore consider
the situation when both B and Ω can be assumed small (in a suitable sense). To make the analysis tractable we assume that
εx = µ˜xy = 0. Stricly speaking, it is not consistent to neglect the entrainment here. It plays a central role in generating the
mutual friction since it is the entrained protons flowing around a neutron vortex that generates the main component of the
vortex magnetic field (Andersson, Sidery & Comer 2006). Hence, if we neglect the entrainment then we should not have the
mutual friction either. Of course, the two contributions have completely different effects on the dynamics. As long as we are
mainly interested in the dissipation the assumptions we make here should be acceptable.
The equation that we need to solve can be written˛˛˛
˛iωI − ik2ω µ˜ + 2BρpΩρ0
„
Ω2I − (kjΩ
j)2
ω2
µ˜
«
− Ω
2
ω2 − 2iωΩB
“
1 +
ρp
ρn
” i8ωI + 4BΩ
ρp
ρ
zero
0 −
(kjΩ
j)2
ω2Ω2
»
i4ωµ˜ + 8
BΩ
ρp
ρ
zero
0 µ˜
–ff˛˛˛˛˛˛ = 0 . (81)
Before substituting the appropriate solutions for ω0 in (81) we note that, when written out in full, we need the determinant
of a matrix of form 
a Bb
Bc d
!
. (82)
This means that, to first order in B, the dispersion relation is either a = 0 or d = 0. Using this fact, and assuming that the
frequency ω will be replaced by ω0+ δω where ω0 represents one of the undamped solutions from Section 4.4, we need to solve
either
iω0(1 +
δω
ω0
)− ik
2
ω0
(1− δω
ω0
)c2n + 2
B
Ω
„
Ω2 − (kjΩ
j)2
ω20
c2n
«
− Ω
2
ω20
„
1− 2δω
ω0
+ 2i
ΩB
ω0
„
1 +
ρn
ρp
««
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fi
i4ω0
„
1 +
δω
ω0
«
+ 8
BΩ
ρp
ρn − (kjΩ
j)2
ω20Ω
2
„
1− 2δω
ω0
«»
i4ω0
„
1 +
δω
ω0
«
c2n + 8
BΩ
ρp
ρnc
2
n
–flff
= 0 , (83)
or
iω0(1 +
δω
ω0
)− ik
2
ω0
(1− δω
ω0
)c2p + 2
Bρn
Ωρp
„
Ω2 − (kjΩ
j)2
ω20
c2p
«
− Ω
2
ω20
„
1− 2δω
ω0
+ 2i
ΩB
ω0
„
1 +
ρn
ρp
««
fi
i4ω0
„
1 +
δω
ω0
«
+ 8BΩ − (kjΩ
j)2
ω20Ω
2
„
1− 2δω
ω0
«»
i4ω0
„
1 +
δω
ω0
«
c2p + 8BΩc2p
–flff
= 0 . (84)
Linearising (83) we find that the mutual friction correction to the waves associated with the neutron fluid is given by
δω = 2iBΩ
ˆ
ω20 + 4Ω
2
˜ ˆ
ω20 − k2 cos2 θc2n
˜
ω40 + k
2ω20c
2
n + 4Ω2ω
2
0 − 12k2Ω2 cos2 θc2n
. (85)
Let us first consider the inertial modes, i.e. take ω20 = 4Ω
2 cos2 θ. To first order in Ω this leads to
δω = iBΩ ˆ1 + cos2 θ˜ . (86)
The correction to the sound waves follows by taking ω20 = k
2c2n + 4Ω
2 sin2 θ. This leads to
δω = iBΩ sin2 θ . (87)
To find the other set of solutions we linearise (84) and solve for δω. This leads to
δω = 2iBΩρn
ρp
ˆ
ω20 + 4Ω
2
˜ ˆ
ω20 − k2 cos2 θc2p
˜
ω40 + k
2ω20c
2
p + 4Ω2ω
2
0 − 12k2Ω2 cos2 θc2p
. (88)
For the inertial waves we again use ω20 = 4Ω
2 cos2 θ and find that,
δω = iBΩρn
ρp
ˆ
1 + cos2 θ
˜
. (89)
Finally, using the proton sound wave solution ω20 = k
2c2p + 4Ω
2 sin2 θ we have
δω = iBΩρn
ρp
sin2 θ . (90)
To summarize the results, we now have two sets of sound waves that are damped by mutual friction. Their frequencies
follow from
ω = ± `kcn + 2Ω2 sin2 θ´+ iBΩ sin2 θ , (91)
ω = ± `kcp + 2Ω2 sin2 θ´+ iBΩρn
ρp
sin2 θ . (92)
There are also two sets of inertial modes. In the undamped case their frequencies are degenerate, but they become distinct
when we account for the mutual friction. These solutions are
ω = ±2Ω cos θ + iBΩ ˆ1 + cos2 θ˜ , (93)
ω = ±2Ω cos θ + iBΩρn
ρp
ˆ
1 + cos2 θ
˜
. (94)
From these results we learn the following. First of all, (91) and (92) show that there will be no dissipation of sound waves
that travel along the axis of rotation. This is natural since the sound waves are longitudinal and the mutual friction only
affects motion orthogonal to the vortex array. It is interesting to contrast this with the result for the inertial modes. From
(93) and (94) we see that these waves are always damped. In fact, the effect of the mutual friction is maximal when the wave
travels along the vortex array. This result is easy to understand from the discussion of the single-fluid problem in Section 2.2.
Since the inertial waves generally have a component that is orthogonal to the vortex array it is natural that they experience
damping due to mutual friction.
5 INCLUDING VORTEX TENSION
Up to this point we have implicitly assumed that the vortices can be considered straight. In effect, we have ignored the
tension that arises because of vortex curvature. This tends to be a relatively small effect, so one would not expect our results
to change much if we account for it. However, it turns out that the vortex tension is important for the instability that we will
discuss in the next section. In particular, it determines the critical wavelength at which the instability sets in. Hence, it is
useful to extend our discussion in such a way that the tension of the neutron vortex array is accounted for. This discussion is
modelled on Hall’s analysis of the corresponding problem in superfluid Helium (Hall 1958). By redoing his calculation within
our formulation we will show how entrainment affects these modes. For simplicity, we will ignore the mutual friction in this
c© 0000 RAS, MNRAS 000, 000–000
Waves and instabilities in dissipative rotating superfluid neutron stars 11
section. The derivation of the tension term is provided in Appendix A. Including the relevant contribution, the equations of
motion in a rotating frame are (as before, we ignore the gravitational potential)„
∂
∂t
+ vjn∇j
«
(vni + εnw
pn
i ) + εnw
pn
j ∇ivjn +∇iµ˜n + 2ǫijkΩjvkn = ν¯nvκj∇j κˆi , (95)„
∂
∂t
+ vjp∇j
«
(vpi + εpw
np
i ) + εpw
np
j ∇ivjp +∇iµ˜p + 2ǫijkΩjvkp = 0 . (96)
As discussed in Appendix A, we have [recall (20)]
nvκi =
1
mn
ǫijk∇jpkn = ǫijk∇j [vkn + εnwkpn] , (97)
while
ν¯ =
1− εp
1− εn − εp ν =
1− εp
1− εn − εp
κ
4π
log
„
b
a0
«
, (98)
see Andersson, Sidery & Comer (2007) for a detailed discussion.
We have already worked out most of the terms we need to discuss the perturbations of these equations. The only new
piece is the tension contribution. If we consider the same background configuration as in the previous sections, then the two
fluids rotate uniformly at the same rate and we have nvκ
i = 2Ωi in the background. We then need to work out
δf tensioni = δ[ν¯nvκ
j∇j κˆi] = ν¯
h
δ(nvκ
j)∇jκˆi + 2Ωj∇jδκˆi
i
. (99)
The first term is easily worked out from (97). The definition also leads to
δκˆi =
1
2mnΩ
“
ǫijk∇jδpkn − ΩˆiΩˆlǫlmn∇mδpnn
”
. (100)
If the background configuration is uniformly rotating, we find that
δf tensioni =
ν¯
mn
Ωˆj∇j
“
ǫilm∇lδpmn − ΩˆiΩˆlǫlmn∇mδpnn
”
. (101)
As in the previous sections we now make the plane wave Ansatz, i.e. we assume that pin = p¯
i
n exp[i(ωt+ kjx
j)]. Then
δf¯ tensioni = − ν¯kz
mn
h
ǫijkk
j p¯kn − (ǫlmnΩˆlkmp¯nn)Ωˆi
i
, (102)
where we have defined kz = kjΩˆ
j .
Since our main interest is to see how the vortex tension affects the various modes that we have discussed previously, it is
useful to make a further simplification at this point. We will concentrate on waves that propagate along the axis of rotation.
Then kz = |k| and since ki is parallel to Ωˆi the last term in (102) vanishes. Hence, we have
δf¯ tensioni = − ν¯k
mn
ǫijkk
j p¯kn = ν¯k
2
zǫijkkˆ
j [v¯kn + εn(v¯p − v¯n)] . (103)
This expression shows that the tension has no effect on longitudinal waves that travel along the rotation axis. In other words,
the sound waves are unaffected by the inclusion of the tension. The same is not true for the inertial waves.
Combining the above results with results from the previous sections we arrive at the perturbed equations of motion;
iω[v¯ni + εn(v¯
p
i − v¯ni )]− ikiµ˜nnρ¯n + 2ǫijkΩj v¯kn = −ν¯k2zǫijk kˆj [v¯kn + εn(v¯kp − v¯kn)] , (104)
and
iω[v¯pi + εp(v¯
n
i − v¯pi )]− ikiµ˜ppρ¯p + 2ǫijkΩj v¯kp = 0 . (105)
While we could work out the dispersion relation for generic waves in this system, we have chosen not to do this. The
reason is very simple. As already mentioned, when the wave vector is aligned with the rotation axis, as in the above equations,
then the sound waves are unaffected by the tension. Given this, it is natural to simplify the analysis by focussing on pure
transverse inertial waves. For transverse waves we have v¯xj k
j = 0 which leads to ρ¯x = 0 by virtue of the continuity equations.
Hence the perturbation equations can be written
iωp¯ni = −2Ωǫijk kˆj v¯kn − ν¯k2zǫijk kˆj p¯kn , (106)
and
iωp¯pi = −2Ωǫijk kˆj v¯kp . (107)
To derive the dispersion relation we first take the cross product of each equation with kˆi. This leads to the relations
iωεijkkˆ
j p¯kn = 2Ωv¯
n
i + ν¯k
2
z p¯
n
i , (108)
c© 0000 RAS, MNRAS 000, 000–000
12 T. Sidery et al
and
iωεijkkˆ
j p¯kp = 2Ωv¯
n
i . (109)
Recalling the definition of the momenta pix we can solve equations (106) and (107) for εijkkˆ
j v¯kx . Inserting the results in
equations (108) and (109) we have
[2Ω + (1− εn)ν¯k2z ]2 − ω2(1− εn)
»
1− εn − εnεpω
2ν¯k2z
2Ω
–
− εnεpω
2
2Ω
ff
v¯ni
=

ω2εn(1− εn)
»
1− (1− εp)ν¯k
2
z
2Ω
–
+
εn(1− εp)ω2
2Ω
− [2Ω + (1− εn)ν¯k2z ]εnν¯k2z
ff
v¯pi , (110)
and
[4Ω2 − (1− εp)2ω2]v¯pi = ω2ε2pv¯ni . (111)
From these two relations we see that the required dispersion relation is
[4Ω2 − (1− εp)2ω2]

[2Ω + (1− εn)ν¯k2z ]2 − ω2(1− εn)
»
1− εn − εnεpω
2ν¯k2z
2Ω
–
− εnεpω
2
2Ω
ff
= ω2ε2p

ω2εn(1− εn)
»
1− (1− εp)ν¯k
2
z
2Ω
–
+
εn(1− εp)ω2
2Ω
− [2Ω + (1− εn)ν¯k2z ]εnν¯k2z
ff
. (112)
In principle, it is straightforward to write down the solutions to this equation. After all, it is just a quadratic in ω2. Of course,
the resultant expressions will be so complicated that we learn very little from them. Let us instead focus on two limiting cases.
First of all, we see that if we neglect the entrainment we have
[4Ω2 − ω2][(2Ω + ν¯k2z)2 − ω2] = 0 . (113)
The solutions are obviously
ω = ±(2Ω + ν¯k2z) , (114)
and
ω = ±2Ω . (115)
The first solution represents the neutron inertial modes, and the second corresponds to the inertial waves in the proton fluid.
As one might expect, the former are affected by the neutron vortex tension while the latter are not. These modes are analogous
to the modes found by Hall (1958) in the case of superfluid Helium. Of course, our calculation adds to the standard analysis
for Helium by accounting for the entrainment. To get a first idea of how it affects the inertial waves, we can include it as a
small correction to the above solutions. We then find that, to linear order in the entrainment we have
ω = ±(2Ω + ν¯k2z + 2εnΩ) , (116)
and
ω = ±2(1 + εp)Ω . (117)
It should, of course, be emphasized here that there is no physical reason why the entrainment parameters should be small.
We have simply made this assumption in order to facilitate an analytical calculation.
To summarize, we have shown how the tension of the neutron vortex array provides a small correction to the inertial
modes in the neutron fluid. We have demonstrated that this remains true when the entrainment is considered weak and the
calculation is carried out to linear order. The full solution to the problem, obtained from (112), is likely to exhibit a more
complex structure. This could easily be investigated via numerical solutions of (112) for some suitable model equation of
state. At this point we are, however, not going to discuss this possibility. Instead, we will consider the effect of introducing a
relative flow on the background configuration.
6 INSTABILITY OF THE VORTEX ARRAY
So far we have assumed that the two fluids rotate together in the background configuration. This is a natural assumption
given that dissipation will tend to damp any relative motion. However, there are a number of situations where one may be
interested in dynamics that takes place on a timescale shorter than that associated with dissipation. Then one can relax the
conditions of both chemical and dynamical equilibrium. In particular, one can allow for relative motion in the background
configuration used in the plane-wave analysis. The question is whether a relative background flow alters the solution we have
discussed in an interesting way. This turn out to be the case. In fact, by allowing a relative flow we will see that the vortex
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array may suffer a dynamical instability. This instability is well-known in the case of Helium, and is often refered to as the
Donnelly-Glaberson instability (Glaberson, Johnson & Ostermeier 1974). Since the two-fluid model for a superfluid neutron
star core is completely analogous to the standard formulation for superfluid Helium, it is no surprise that this instability is
relevant also for neutron stars. In this section we derive the critical relative velocity for this vortex instability, and discuss its
interpretation.
In order to keep the analysis tractable we extend the case discussed in the previous section. That is, we focus on purely
transverse waves in the case when the wave vector ki is aligned with the rotation Ωi. In addition, we will assume that it is
sufficient to consider the dynamics of one of the fluids. In practice, we consider the protons as “clamped” and ignore their
contribution entirely. This setup is analogous to that discussed by Glaberson, Johnson & Ostermeier (1974) for Helium. In
that case, the assumption can to some extent be justified since the “normal” fluid is viscous. In our case, this would also be
true, since our “proton” fluid accounts for the electron component, which will be affected by viscosity. It is not clear, however,
that the viscous timescale is short enough that the clamping assumption is truly justified. This is an important caveat, but we
do not believe that relaxing this assumption would alter our results in a significant way. For simplicity, we have also chosen
to neglect the entrainment effect here.
We focus on the perturbed neutron equation in the case when there is a relative flow in the background. To facilitate the
analysis we first assume that this background flow is aligned with both the wave vector and the rotation axis. Representing
the background flow by Vnkˆ
i, the perturbation equation can be written
i(ω + V jn kj)v¯
n
i + 2Ωǫijk kˆ
j v¯kn = δf¯i . (118)
The force on the right-hand side has three contributions. The contribution from the vortex tension remains unchanged from
the previous section. We also need the mutual friction force. Under the present assumptions, and if we also neglect B′ which
makes sense since it is much smaller than B, we get from (19),
δf¯ni = Bǫijkǫklm
h
iΩˆlV
n
mǫ
jpqkpv¯
n
q + iΩˆ
jǫlpqk
pv¯qnV
n
m + 2Ω
jΩˆlv¯
n
m
i
. (119)
Finally, we also want to account for the contribution to the mutual friction from the self-induced flow. This is a small
contribution, but it is natural to included it if we are considering the vortex tension. As long as the background flow is
uniform, this term can be written, cf. Eq. (36) in Andersson, Sidery & Comer (2007),
f indi = −νBnvǫijkκjκˆl∇lκˆk . (120)
Perturbing this we arrive at the contribution
δf¯ indi = νB(Ωˆlkl)ǫijkΩˆjǫkmnkmv¯nn . (121)
Putting all this together, we consider an equation of form
i(ω + Vnkz)v¯
n
i + 2Ωǫijk kˆ
j v¯kn = −(νk2z − iBVnkz)ǫijk kˆj v¯kn −B(2Ω + νk2z)v¯ni . (122)
Taking the cross product of this equation with kˆi and combining the two equations we find that the dispersion relation is
simply
[ω + Vnkz − iB(2Ω + νk2z)]2 = [2Ω + νk2z ∓ Vnkz]2 . (123)
That is, the inertial waves in this system must have frequency
ω + Vnkz = ±(2Ω + νk2z) + iB(2Ω + νk2z ∓ Vnkz) . (124)
Given that our assumed time-dependence is exp(iωt) this expression shows that the solution corresponding to the upper sign
will be exponentially growing (ω has a negative imaginary part) when
Vn >
2Ω
kz
+ νkz . (125)
In other words, for any given wavevector kz there exists a critical relative flow above which the wave is unstable. Of course,
we see from (125) that the critical flow must be large both in the limits of large and small kz. If we are interested in the
critical flow at which the instability first sets in, then we simply need to find the minimum of the function on the right-hand
side of (125). Thus we need
−2Ω
k2z
+ ν = 0 −→ kz =
r
2Ω
ν
. (126)
Inserting this in the expression for the critical flow we see that the system will have unstable waves when
Vn > Vc = 2
√
2Ων . (127)
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This is exactly the condition derived by Glaberson, Johnson & Ostermeier (1974) for the Helium problem.
Even though we have not attempted the general problem, without assuming that the protons are clamped, we have
relaxed some of the other assumptions. In particular, one does not have to assume that the waves are purely transverse. The
interested reader can find a more general discussion in Appendix B.
Let us now see if we can understand the nature of this instability better. To do this it is helpful to consider the phase-
velocity of the waves. Recall that in the present problem setup, a constant phase would mean that
Re ωt+ kzz = constant −→ σp = −Re ω
kz
, (128)
where σp is the phase-velocity. Hence the phase-velocity of the inertial waves is
σp = Vn ∓ (2Ω + νk2z) . (129)
Comparing this to the condition for the critical velocity we immediately see that the instability sets in through the waves
that propagate in the direction opposite the background flow, (for a suitably small Vn). The critical point is simply identified
as σp = 0. The interpretation of this condition is that a wave that is originally seen as travelling downwards (relative to
Vn) is dragged upwards by the flow and becomes unstable when its direction of propagation changes (according to a fixed
observer). This condition is typical for a two-stream instability. We have previously considered this class of instabilities for
neutron stars, see Andersson, Comer & Prix (2004) for a discussion and a list of relevant references to the plasma physics
literature. A two-stream instability typically requires two identifiable flows and some coupling between them. In our previous
discussion of such instabilities for neutron stars, we focussed on chemical coupling and the role of entrainment. We now see
that the instability can also be caused by the mutual friction. This possibility is particularly interesting since the instability
may be intimately linked to the formation of vortex loops and superfluid turbulence (Andersson, Sidery & Comer 2007). In
fact, the present analysis provides an important complement to our previous discussion of the turbulence problem.
It is obviously necessary to ask whether this instability is likely to operate in neutron stars. For this to be the case, one
would require the critical wavelength to be much smaller that (say) the size of the star. Otherwise, the plane-wave analysis
does not apply. From our previous discussion (Andersson, Sidery & Comer 2007) we know that
ν =
κ
4π
log
„
b
a0
«
, (130)
where κ ≈ 2 × 10−3 cm2/s and log(b/a0) ≈ 20. From this we see that the critical wavelength for which the instability first
appears is
kz ≈ 250
„
Ω
100 s−1
«1/2
cm−1 , (131)
corresponding to a wavelength
λ =
1
kz
≈ 4× 10−3
„
Ω
100 s−1
«−1/2
cm . (132)
If we compare this to the typical intervortex spacing
b ≈ 3.4× 10−3
„
Ω
100 s−1
«−1/2
cm , (133)
we conclude that one may well expect modes with a wide range of wavelengths to be unstable in a typical neutron star. This
is an interesting possibility, and it would be exciting to consider various scenarios where the instability may operate.
7 TURBULENT MUTUAL FRICTION
The presence of a dynamical instability in the vortex array will lead to oscillations in the vortices, triggering reconnections
and the formation of vortex loops with a range of different sizes (Andersson, Sidery & Comer 2007). This behaviour is very
similar to the standard cascade seen in normal fluid turbulence. If a turbulent tangle is present, then our analysis is no longer
valid. After all, the form we are using for the mutual friction force is based on the assumption that the vortex array is (locally)
straight. One of the outstanding issues in superfluid Helium research concerns the nature of the force in the turbulent case.
While some sort of consensus has been reached in the case of isotropic turbulence, problems with both relative flow and
rotation are still far from understood. Yet this is the problem that we need to solve in order to model neutron stars. Our
system is rotating, and if it becomes turbulent then any tangle that develops should be polarised.
In absence of a clear strategy for developing a detailed model for the mutual friction force in the case of polarised
turbulence, we have previously proposed a phenomenological prescription (Andersson, Sidery & Comer 2007). It is interesting
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to apply this decription to the plane-wave problem we are currently investigating, since this may lead to a better understanding
of the effect that turbulence may have on the vortex instability.
We take as our starting point the mutual friction force posited in Eq. (78) of Andersson, Sidery & Comer (2007). In
essence, this means that we add a term accounting for the presence of a turbulent tangle to (19) which now represents to
polarisation of the vortex array. Thus we have
fmfi = . . .+
2LT
3
κBwpni , (134)
where the . . . represents the straight vortex term from before. We have defined the total vortex length per unit volume,
LT =
„
α1
β
W
κ
«2
+
α1β1
β2
W
κ
L
1/2
R +
"
1
4
„
β1
β
«2
− 1
#
LR , (135)
whereW = |winpκˆi| = Vn, LR = nv and the constant parameters are such that (the arguments for this are given by Andersson,
Sidery & Comer (2007))
α1
β
≈ χ B
2π
, and
β1
β
≈ 2 , (136)
with χ of order unity. If we work out the perturbation of this new contribution to the overall force in the particular case when
the wave vector is aligned with the background rotation, then we find that δLR = 0. Moreover, when the imposed relative
flow is also aligned with the rotation, we have δW = 0. This makes it very easy to account for this new force contribution.
Under the conditions assumed in the previous section (protons clamped etcetera), we simply get
δf¯mfi = . . .− 2LT3 κBv¯
n
i . (137)
When this term is added to the right-hand side of (122), and the dispersion relation is worked out as before, we find the wave
solutions
ω˜ = ±(2Ω + νk2z) + iB(2Ω + νk2z ∓ Vnkz) + 2iLT3 κB . (138)
This suggests that turbulence always damps the inertial waves, as one might have expected. For the parameters given in (136)
we see that
LT =
„
χBVn
2πκ
«2
+ χ
BVn
πκ
„
2Ω
κ
«1/2
. (139)
This shows that the new damping term in (138) is very small in the neutron star case, when B ≪ 1. If we nevertheless include
this contribution, and work out the critical velocities we find two roots. Assuming that kz is suitably large we retain (125)
as the velocity at which the instability sets in. In addition, we find a second critical flow, beyond which the system is stable.
The corresponding critical velocity is approximately given by
Vn ≈ 6π
2
χB κkz . (140)
For typical parameters, this velocity would be vastly greater than the critical velocity at which the instability sets in. In fact,
it may well be the case that one can not reach such large relative flows in a realistic neutron star. Nevertheless, the result is
conceptually interesting. One should also keep in mind that B is of order unity in superfluid Helium (Donnelly 1991), so this
upper cut-off for the vortex instability may not be out of reach in that context.
8 BRIEF SUMMARY
We have analysed the wave propagation in a rotating superfluid neutron star cores, taking into account the standard mutual
friction force. Our plane-wave analysis has added to previous discussions of this problem in a number of important ways. First
of all, for models where the two background fluids co-rotate, we have clarified the role of chemical coupling and entrainment
on both sound and inertial waves. Secondly, we have considered the mutual friction damping, demonstrating the well-known
fact that sound waves propagating along a vortex array are undamped. We have also shown that the same is not true for
inertial waves, which are damped by the mutual friction regardless of the propagation direction. We have accounted for the
relatively small contribution of the vortex tension, which arises due to local vortex curvature. Focussing on purely transverse
inertial waves, we derived the correction that the tension induces in the wave frequency.
The most exciting result of our investigation concerns the presence of a dynamical instability associated with the inertial
waves. The instability requires a linear relative flow in the background. We analysed the particular case when this flow is
aligned with the rotation axis. This led to a demonstration that the mutual friction coupling induces an instability once the
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relative velocity has reached a critical level. This instability is well-known from the analogous problem for superfluid Helium,
and hence our result should not come as a great surprise. Nevertheless, the possibility that this instability may operate in
neutron stars has only recently been appreciated (Peralta et al 2005, 2006; Andersson, Sidery & Comer 2007). We have argued
that the instability belongs to the general class of two-stream instabilities. This interpretation is (we believe) new, and adds
insight also into the Helium problem.
If this instability operates in a neutron star, it is likely to lead to the formation of a vortex tangle and a state of superfluid
turbulence. The impact of this on, for example, glitch recovery is not yet understood. Nevertheless, it is clear that much of
our current “understanding” (which tends to be based on the assumption of a locally straight vortex array) may have to be
revised. In view of this, the results we have presented here are exciting. Having said that, it is clear that there are a number of
difficult issues that need to be addressed if we really want to understand this problem. Our analysis was based on a number of
simplifying assumptions, in particular we assumed that the proton fluid was clamped. It would be relevant to try to consider
the general problem. One would certainly want to account for the entrainment, which will alter the critical velocity for the
onset of the instability etcetera. It would also be relevant to try to quantify the damping (and possibly stabilising role) of
shear viscosity, which should be important for short wavelength oscillations. We also need to consider various astrophysical
scenarios for which the instability may be relevant. If it is the case that the key features required are a straight vortex array
and some imposed relative flow, then the instability could be relevant in a number of situations. The most obvious possibilities
would be i) neutron star free precession where the neutrons and protons essentially rotate with respect to different axes (in
the simplest model), ii) neutron star spin-down which (in a non-magnetic star) is faciliated via a viscous Ekman layer at the
base of the crust inducing a global flow in the charged component, and iii) global mode oscillations, where the length scale of
the mode is vastly larger than the typical lengthscale of the instability. These are all exciting problems, well worthy of further
consideration.
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APPENDIX A: THE VORTEX TENSION
In this Appendix we provide the argument that leads to the form for the neutron vortex tension used in the main body of
the paper. The calculation is based on the intuitive reasoning of, in particular, Hall (1958). It is important in the sense that
it demonstrates how the entrainment parameters enter in the vortex tension.
The starting point is the conservation of vorticity. Defining the macroscopic vorticity as
ωi = nvκ
i =
1
mn
ǫijk∇jpnk , (A1)
where the neutron momentum is pin = mn
ˆ
vin + εn(v
i
p − vin)
˜
, we have
D
Dt
Z
V
nvκidV +
Z
S
nvκiv
j
LdSj = 0 . (A2)
Here it is assumed that the vortices move collectively with velocity viL. Use the divergence theorem to see that we must have
∂tωi +∇j(ωivjL) = 0 . (A3)
Now note that
∇jωj = 0 , (A4)
ωj∇jviL = 0 . (A5)
The first statement is trivial given the definition of the vorticity. The second should be true provided that there is no motion
along the vortices themselves. This way the above conservation law can be recast as
∂tωi +∇j(ǫijkǫklmωlvLm) = 0 . (A6)
This leads to
ǫijk∇j
n
∂tp
k
n − ǫklmvLl ǫmno∇npon
o
= 0 , (A7)
which then requires that
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∂tp
k
n − ǫklmvLl ǫmno∇npon = ∇kΨ , (A8)
with Ψ some scalar potential.
Let us now, for simplicity, assume that the only force that acts on the vortex is the Magnus force. Then we must have
vLi = v
n
i + v
ind,n
i . (A9)
The first term represents the smooth irrotational flow past the vortex, due to for instance the presence of all other vortices.
The second term represents the self-induced flow that arises when the vortex is curved [see Appendix of Andersson, Sidery &
Comer (2007)]. As we have shown elsewhere, this term can be written
vind,ni =
1− εp
1− εn − εp νǫijkκˆ
j κˆl∇lκˆk = ν¯ǫijkκˆj κˆl∇lκˆk . (A10)
In order to use this vortex velocity in the equation of motion (A8), we note that
ǫklm
“
vnl + v
ind,n
l
”
κm = ε
klmvnl κm + ν¯κ
l∇lκˆk . (A11)
Then we need
mnnvǫ
klm
“
vnl + v
ind,n
l
”
κm = v
n
l ∇kpln − vnl ∇lpkn +mnnv ν¯κl∇lκˆk . (A12)
Use this in (A8) to get
∂tp
k
n + v
n
l ∇lpkn − vnl ∇kpln = ∇kΨ+mnnv ν¯κl∇lκˆk . (A13)
Finally use the definition of the momentum to get
(∂t + v
j
n∇j)(vin + εnwipn) + εnwjpn∇ivnj = ∇iχ+ nv ν¯κj∇jκˆk , (A14)
where we recall that the velocity difference is wipn = v
i
p − vin. This is the equation of motion for the superfluid neutrons, with
the contribution from the vortex tension accounted for. The scalar potential χ can easily be interpreted as the sum of the
chemical and gravitational potentials to arrive at the standard form for this term. This way we arrive at Eq. (95) in the main
text.
APPENDIX B: THE VORTEX INSTABILITY IN A MORE GENERAL CONTEXT
In this Appendix we provide a slightly more general derivation of the vortex two-stream instability that was dicussed in
Section 6. While we still assume that the proton fluid is clamped, and neglect entrainment, we initially relax the assumption
that the wave vector is aligned with the rotation axis. We also do not assume that the waves are purely transverse. The results
obtained in Section 6 follow in the appropriate limits, and the more complicated calculation that we outline here shows how
the instability threshold can be derived under less constrained conditions.
In the general case, the plane wave equation for the neutron fluid can be written, cf. (19),
iω˜v¯ni + ikiµ¯n + 2ǫijkΩ
j v¯kn = δf¯
n
i , (B1)
where ω˜ = ω + V jnkj and we have used δµ˜n = µ¯ne
i(ωt+kjx
j). The force δf¯ni is made up of three contributions. The first is the
mutual friction for a straight vortex array, and it leads to
δf¯ni = Bǫijkǫklm
h
iΩˆlV
n
m(ǫ
jpqkpv¯
n
q − ΩˆjǫpqrΩˆpkq v¯rn) + iΩˆjǫlpqkpv¯qnV nm + 2ΩjΩˆlv¯nm
i
. (B2)
Next we have the contribution from the self-induced flow, which accounts for the vortex curvature. As long as the background
flow is uniform, we can perturb (120) to get the contribution
δf¯ indi = νB(Ωˆlkl)ǫijkΩˆj
h
ǫkmnkmv¯
n
n − ΩˆkǫpqrΩˆpkq v¯rn
i
. (B3)
Finally, we have the vortex tension which is given by (102), i.e.
δf¯ teni = −ν(Ωˆjkj)
h
ǫilmk
lv¯mn − Ωˆi(ǫlpqΩˆlkpv¯qn)
i
. (B4)
Putting all the pieces together and rearranging, the perturbed momentum equation can be writtenn
ω˜ − iB[2Ω + ν(kjΩˆj)2]
o
v¯ni +
h
µ¯n + iνB(Ωˆj v¯nj )(Ωˆlkl)
i
ki − 2iǫijkΩj v¯kn
=
n
[BV nj − B(V nn Ωˆn)Ωˆj − iν(knΩˆn)]ǫjklkkv¯nl − 2iBΩ(Ωˆj v¯nj )
o
Ωˆi
−B(ǫjlmΩˆjklv¯mn )V ni + [B(V nj Ωˆj) + iν(kjΩˆj)]ǫilmklv¯mn . (B5)
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Here the chemical potential perturbation is (in the clamped case we are also assuming that the proton density variation
vanishes) given by
µ¯n =
∂µ˜n
∂ρn
ρ¯n . (B6)
Since the continuity equation gives
iω˜ρ¯n + iρn(kj v¯
j
n) = 0 , (B7)
we get, using the standard definition of the sound speed from (35),
µ¯n = − c
2
n
ω˜
(kj v¯
j
n) . (B8)
The trick now is to form different scalar equations from (B5). By taking the scalar product with ki we get»
ω˜ − iB(2Ω + νk2z)− c
2
nk
2
ω˜
–
(kiv¯
i
n) + ikzB(2Ω + νk2)(Ωˆj v¯nj )
+
h
2iΩ + Bkz(V nn Ωˆn) + iνk2z − B(knV nn )
i
W = Bkz(ǫjklV nj kkv¯nl ) . (B9)
In writing down this expression we have decomposed the wave vector into a piece along the rotation axis and a piece orthogonal
to it, i.e., we are using
ki = kiz + k
i
⊥ , where k
j
⊥
Ωj = 0 . (B10)
We have also defined the scalar quantity W = ǫijkΩˆ
ikj v¯kn .
If we take the scalar product of (B5) with Ωˆ we find another scalar relation;
ω˜(Ωˆiv¯ni )− kzc
2
n
ω˜
(kj v¯
j
n) + B(V nj Ωˆj)W = B(ǫjklV nj kk v¯nl ) . (B11)
From the combination (B9)−kz×(B11) we then get»
ω˜ − iB(2Ω + νk2z)− c
2
n
ω˜
(k2 − k2z)
–
(kj v¯
j
n) +
ˆ
iBkz(2Ω + νk2)− kzω˜
˜
(Ωˆiv¯
i
n)
+[i(2Ω + νk2z) + B(kjV jn )]W = 0 . (B12)
By taking the cross product between ki and (B5) we get another useful relation. After some work it can be written
[ikz(2Ω + νk
2) + Bk2(V nj Ωˆj)]v¯ni − [B(V nj Ωˆj) + iνkz](klv¯ln)ki
= 2i(kj v¯
j
n)Ωi − [ω˜ − iB(2Ω + νk2z)]ǫimnkmv¯n
+
n
[BV nj − B(V nn Ωˆn)Ωˆj − iνkzΩˆj ]ǫjklkkv¯nl − 2iBΩ(Ωˆj v¯nj )
o
ǫimpk
mΩˆp
−BWǫipqkpV qn . (B13)
Taking the scalar product of (B13) with Ωˆi we arrive at
[ikz(2Ω + νk
2) + Bk2(v¯nj Ωˆj)](Ωˆiv¯in)− [i(2Ω + νk2z) + Bkz(ΩˆjV jn )](klv¯ln)
+[ω˜ − iB(2Ω + νk2z) + BΩ¯]W = 0 . (B14)
Here we have defined yet another scalar Ω¯ = ǫijkΩˆ
ikjV kn .
We now have three equations, (B9), (B12) and (B14), for four unknown scalar quantities. To solve the general problem
we need another relation. Although this relation can be obtained in a few steps by following the above strategy, we choose
not to write it down here. Instead, we note that if we were to align V in with Ωˆ
i then2
Ω¯ = 0 , (B15)
ǫijkV
i
nk
j v¯kn = VnW . (B16)
Then (B11) simplifies to
ω˜(Ωˆiv¯
i
n)− kzc
2
n
ω˜
(kj v¯
j
n) = 0 . (B17)
2 We did not assume alignment from the beginning since we wanted to outline how the general problem would be solved.
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We can use this relation to get an expression for kj v¯
j
n. Using the result in (B12) and (B14) we only have two equations to
solve. They are
ω˜2
kzc2n
»
ω˜ − iB(2Ω + νk2z)− c
2
n
ω˜
(k2 − k2z)
–
+ kz[iB(2Ω + νk2)− ω˜]
ff
(Ωˆiv¯
i
n)
+[i(2Ω + νk2z) + BkzVn]W = 0 , (B18)
and
− ω˜
2
kzc2n
[i(2Ω + νk2z) + BkzVn] + ikz(2Ω + νk2) + Bk2Vn
ff
(Ωˆiv¯
i
n)
+[ω˜ − iB(2Ω + νk2z)]W = 0 . (B19)
From this we easily obtain the dispersion relation
ω˜2
kzc2n
»
ω˜ − iB(2Ω + νk2z)− c
2
n
ω˜
(k2 − k2z)
–
+ kz[iB(2Ω + νk2)− ω˜]
ff
[ω˜ − iB(2Ω + νk2z)]
−

ω˜2
kzc2n
[(2Ω + νk2z)− iBkzVn]− kz(2Ω + νk2) + iBk2Vn
ff
[(2Ω + νk2z)− iBkzVn] = 0 . (B20)
It is, of course, not easy to write down the general solutions to this dispersion relation. But we can learn a lot from it if
we make some further simplifications. To discuss these examples we first note that kz = k cos θ, where θ is the angle between
the wave vector and the rotation axis. It is then straightforward to verify that we retain the solution from section 5 in the case
when θ = B = 0. We obviously also get the neutron sound waves. If we focus our attention on the possible vortex instability,
then it would be natural to first relax the assumption that θ vanishes. Doing this, but still leaving B = 0 (and in addition
assuming slow rotation and weak tension) we find the leading order wave solutions;
ω˜2 =
8><
>:
±kcn
ˆ
1 + (Ω sin2 θ/k2c2n)(2Ω + νk
2 cos2 θ)
˜
, sound waves ,
± cos θ(2Ω + νk2)1/2(2Ω + νk2 cos2 θ)1/2 , inertial waves .
(B21)
If we now linearise the dispersion relation in B, and assume that the modes take the form ω˜ = ω˜0 + Bδω˜, then we find that
the mutual friction induced frequency correction follows from
δω˜ = i
ω˜0 − kVn cos θ
ω˜0
×
8><
>:
Ωsin2 θ , sound ,
Ω(1 + cos2 θ) + νk2 cos2 θ , inertial .
(B22)
Recalling that the waves are unstable if the imaginary part is negative, we see that (assuming that k cos θ ≥ 0) the solutions
for which ω˜0 < 0 are always stable. In contrast, the ω˜0 > 0 solutions become unstable at the critical velocity
Vc =
ω˜0
k cos θ
. (B23)
As one might have guessed, the onset of the instability depends on the projection of the wave vector along the relative flow.
For the sound waves we thus find that the critical flow is
V soundc ≈ cncos θ . (B24)
Since the superfluidity is likely broken before the wave propagation reaches the speed of sound, this indicates that these modes
are always stable in a real system. Again the inertial waves are different. We find that
V inertialc ≈ 1
k
(2Ω + νk2)1/2(2Ω + νk2 cos2 θ)1/2 . (B25)
According to this criterion, the instability actually sets in at a lower relative velocity when the wave vector is not aligned
with the rotation axis. Of course, in reality one may expect the tension term to be small compared to the rotation term. Then
the difference between the above result and the aligned case discussed in Section 6 may only be significant at extremely short
wavelengths.
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